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The sonic point/photon surface correspondence is thoroughly investigated in a
general setting. First, we investigate a sonic point of a transonic steady perfect fluid
flow in a general stationary spacetime, particularly focusing on the radiation fluid.
The necessary conditions that the flow must satisfy at a sonic point are derived as
conditions for the kinematical quantities of the congruence of streamlines in analogy
with the de Laval nozzle equation in fluid mechanics. We compare the conditions for
a sonic point with the notion of a photon surface, which can be defined as a timelike
totally umbilical hypersurface. As a result, we find that, for the realization of the
sonic point/photon surface correspondence, the speed of sound vs must be given by
1/
√
d with d being the spatial dimension of the spacetime. For the radiation fluid
(vs = 1/
√
d), we confirm that a part of the conditions is shared by the sonic point
and the photon surface. However, in general, a Bondi surface, a set of sonic points,
does not necessarily coincide with a photon surface. Additional assumptions, such as
a spatial symmetry, are essential to the realization of the sonic point/photon surface
correspondence in all known examples.
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2I. INTRODUCTION
In recent years, strong relativistic gravitational fields play an important role not only in
astrophysics and cosmology but also in high energy physics. One very useful approach to
characterize the gravitational field is to consider a probe matter, such as test particles, on
the background gravitational field. For example, the photon sphere is introduced by a family
of unstable circular orbits of test massless particles, and it is responsible for the radius of
a black hole shadow, the silhouette in optical observation. Specifically, it is well known
that a photon sphere in the Schwarzschild spacetime of mass M is given by the cylindrical
hypersurface of radius 3M . The extensions of the photon sphere to more general situations
and those mathematical aspects have been actively studied [1–5], and the notion of a photon
surface has been proposed as a generalization of the photon sphere to other topologies [6, 7].
Another important example of the probe matter is the perfect fluid on the background
spacetime. An astrophysical transonic flow, such as gas accretion and relativistic jet, is
responsible for energy transfer. As for the accretion, we usually consider a transonic steady
flow of a perfect fluid. The simplest model would be a Bondi-type flow, a steady spherical
accretion flow [8–13]. Models describing a rotating gas accretion to form a transonic disk
have also been considered [14–17].
Related to the above two examples, the following theorem called the sonic point/photon
sphere correspondence has been given in Ref. [18]:
Theorem 1 (Sonic point/photon sphere correspondence for steady spherical flow [18]).
Consider a transonic steady radial flow of radiation fluid and a static observer of the flow
in a general static spherically symmetric spacetime of arbitrary dimension. If the flow is
transonic, the radius of a sonic point coincides with that of an unstable or marginally stable
photon sphere of constant radius (see Definition 3 in Sec. IV for the definition of the stability
of a photon sphere).
Theorem 1 includes the results reported in Refs. [19, 20], where some specific static
spherically symmetric spacetimes are considered. The universality of the coincidence of the
photon sphere and the Bondi surface, the set of the sonic points, is pointed out by M. Cveticˇ,
G.W. Gibbons and C.N. Pope [21] in 2016 independently of Ref. [18]. After that, two of
the present authors extended the correspondence to a rotating thin disk model in the same
geometry in Ref. [22], and spatially planar and hyperbolic cases are considered in Ref. [23].
The result in Ref. [23] shows that the spatial topology no longer matters, and therefore we
call the coincidence sonic point/photon surface correspondence.
It is remarkable that we can also define the photon surface by using the trace-free part
of the second fundamental form as follows:
Theorem 2 ([6, 24, 25]). A timelike hypersurface S immersed in a spacetime (M, g) of
arbitrary dimension is a photon surface if and only if the hypersurface is totally umbilical,
that is, for every p ∈ S and any vectors X,Y ∈ TpS,
σχ(X,Y ) = 0, (1)
where σχ is the trace-free part of the second fundamental form χ for S.
3Theorem 1 indicates that the shear tensor for the congruence of streamlines may specify
the locus of the sonic point as well as the photon surface. As pointed out in Ref. [21], this
idea is compatible with the insight in the de Laval nozzle model, in which the sonic point is
located at the throat, where the cross sectional area is minimal.
One of our purposes in this paper is to reveal the role of the shear tensor for the congruence
of streamlines in specifying the locus of the sonic point. We start this paper with the
existence of a timelike Killing vector field. A stationary flow of perfect fluid and a fiducial
observer are defined in terms of the timelike Killing vector field. The speed of the fluid
flow is defined by the fluid velocity relative to the fiducial observer. We derive the necessary
conditions the flow must satisfy at the sonic point in this model. The conditions are obtained
as an equation and an inequality which are conventionally derived through the phase space
analysis (see, e.g. Ref. [26]). It is remarkable that the necessary conditions for the radiation
fluid reduce to the conditions imposed on the shear tensor for the congruence of streamlines.
Therefore, we consider that the shear tensor is essential in the sonic point/photon surface
correspondence, and revisit the sonic point/photon surface correspondence in terms of the
necessary conditions imposed on a timelike hypersurface associated with the flow.
This paper is organized as follows. In Sec. II, we introduce the notion of the steady flow,
and rewrite the basic equations of a steady perfect fluid flow to derive the equation for the
congruence of the streamlines similarly to the de Laval nozzle system. We evaluate the de
Laval nozzle-like equation at a sonic point, and obtain one equation and one inequality that
the flow must satisfy at the sonic point. In particular, for the radiation fluid, the necessary
conditions are rewritten in terms of the time-time component of the shear tensor for the
congruence of the streamlines. In Sec. III, we introduce the notion of the proper section
of a congruence of streamlines as the corresponding hypersurface to the flow at each point
on a stream line. It is actually the relativistic extension of the section of the de Laval
nozzle model. We can then rewrite the necessary conditions for the flow in terms of the
trace-free part of the second fundamental form for the proper section. Finally, in Sec. IV,
we apply our observations of the steady perfect fluid flow to the sonic point/photon surface
correspondence. Sec. V is devoted to a summary.
We use geometrized units in which both the speed of light c and Newton’s gravitational
constant G are one.
II. SONIC POINT OF STEADY RADIATION FLUID FLOW EQUIPPED WITH
KILLING OBSERVERS
In the systems [18, 22, 23] where the sonic point/photon surface correspondence was
reported, a static observer or a co-rotating observer with the flow was considered. One can
understand these choices of the observer are based on timelike isometries of the spacetime,
i.e. the observer is chosen so that the world line will be the orbit of a timelike Killing vector
field. From this view point, we begin this paper with a definition of a steady perfect fluid flow
in a general stationary spacetime of arbitrary dimension. We suppose that the spacetime
4is smooth enough, and do not consider any discontinuity of fluid variables. Specifically, we
simply assume at least C2 differentiability for fluid variables in the vicinity of the point
under consideration. In this section, we derive two necessary conditions that the flow must
satisfy at the sonic point. Those conditions will be imposed on the time-time component of
the shear tensor for the congruence of streamlines if we consider the radiation fluid.
A. Steady perfect fluid flow
Let us consider a perfect fluid flow in a (d + 1)-dimensional spacetime (M, g) described
by thermodynamic variables M → R>0: number density n, specific enthalpy h, pressure P ,
specific entropy s and temperature T , together with fluid (d + 1)-velocity u which satisfies
the normalization condition
u · u = −1, (2)
where the centered dot “ · ” denotes the inner product with respect to g. The fluid obeys the
first law of thermodynamics, the continuity equation, the energy-momentum conservation
law and the equation of state:
dh = Tds+ n−1dP, (3a)
∇ · (nu) = 0, (3b)
∇ · (nhu⊗ u+ Pg−1) = 0, (3c)
h = h(P, s). (3d)
It is well known that Eqs. (2), (3a), (3b) and Eq. (3c) contracted with u lead to
Lus = 0. (4)
The functional form of the equation of state (3d) needs to be restricted in this paper so that
Eq. (3d) will properly define the speed of sound vs : M → (0, 1) by
v2s :=
(
∂ ln h
∂ lnn
)
s
. (5)
The definition (5) of the speed of sound is also expressed as v2s = (∂P/∂ρ)s using the energy
density ρ, and therefore we have supposed that Eq. (3d) gives a strictly monotonically
increasing function P (ρ, s) of ρ if s is fixed. The d-velocity of the flow vobs :M → [0, 1) with
respect to an observer uobs is defined by the orthogonal decomposition
u =
1√
1− v2obs
(uobs + vobsw¯) , (6)
where uobs and w¯ are the vector fields on M satisfying
uobs · uobs = −1, (7a)
w¯ · w¯ = 1, (7b)
uobs · w¯ = 0. (7c)
5The integral curves of uobs are regarded as the world lines of the observers.
Throughout this paper, we assume the existence of a timelike Killing vector field ξ in a
neighborhood U of a point p ∈ M under consideration, and the observer uobs is supposed
to satisfy
(uobs − ξ¯)|p = 0, (8)
where ξ¯ := ξ/
√|ξ · ξ| is defined in the neighborhood U ∋ p. Then we define the steady
perfect fluid flow as follows:
Definition 1 (Steady perfect fluid flow). We say that the perfect fluid flow is steady if there
exists a timelike Killing vector field ξ on U which, at every point p ∈ U on the fluid flow,
satisfies the following equations:
LξP = Lξs = 0, (9a)
Lξu = 0. (9b)
Our setting is consistent with most models of accretion flows onto gravitational sources,
where one supposes that the flow is in steady state, and the observer vector field uobs is
tangent to a timelike Killing vector field on the background spacetime. Note that ξ may
not be given as ξ = ∂t in the standard coordinate system of a stationary spacetime. For
example, we will take ξ = ∂t + Ω∂φ in Sec. IV.
Let us focus on a single point p. The Killing vector field ξ obeys
Lξg = 0, (10a)
ξ · ξ |U < 0. (10b)
The stationarity (9a) of P and s immediately leads to
Lξn = Lξh = LξT = 0. (11)
In the same way as Eq. (6), we define the speed of the flow v : U → [0, 1) by the orthogonal
decomposition of u as follows:
u =
1√
1− v2
(
ξ¯ + vη¯
)
, (12)
where η¯ is a spacelike unit vector field on U orthogonal to ξ¯, that is,
ξ¯ · ξ¯ = −1, (13a)
η¯ · η¯ = 1, (13b)
ξ¯ · η¯ = 0. (13c)
Taking the inner product of Eq. (12) with ξ¯ or η¯, we obtain the following expressions of v:
v2 = 1− 1
(u · ξ¯ )2 =
(u · η¯)2
1 + (u · η¯)2 . (14)
6We can also show the invariance of ξ¯, η¯ and v under Lξ from Eqs. (10a), (9a) and (9b). The
Killing equation (10a) immediately yields
Lξξ¯ = 0. (15)
From the first expression of v2 in Eq. (14), we obtain
Lξv2 = 0. (16)
Acting Lξ on Eq. (12) leads to
vLξη¯ = 0. (17)
Here, we note that η¯ is not uniquely given from Eq. (12) for v = 0. However, by choosing
an appropriate η¯|{v=0}, we always obtain η¯ such that
Lξη¯ = 0. (18)
Eq. (18) is useful not only for rewriting the basic equations, but it is also essential in the
description of the phase space analysis in Appendix B, which requires a certain coordinate
system of 2-dimension on the foliation of U .
B. Congruence of streamlines
In the previous subsection, we introduced the spacelike vector field η¯ orthogonal to ξ¯.
Actually, the integral curves of η¯ are what we usually call the streamlines, and we show the
locus of the sonic point is determined by the shear tensor of the streamlines in this paper.
As the first step, we introduce the tensor field
B := ∇⊗ η¯♭ = ∇µη¯ν dxµ ⊗ dxν (19)
describing the congruence of streamlines, where the flat “ ♭ ” denotes the covariant dual
of vector fields with respect to g. B obeys the following equations which will be used
throughout this paper. Acting ∇µ on the normalization condition (13b) of η¯ gives
B( · , η¯) = 0. (20)
Eq. (18) is deformed to
B(ξ, · )−∇η¯ξ = 0. (21)
Applying the Killing equation ∇µξν +∇νξµ = 0 to the second term of Eq. (21), we obtain
−∇η¯ξ = (∇µξν)η¯ν = −B( · , ξ). (22)
Therefore, Eq. (21) results in
B(ξ¯, · )−B( · , ξ¯) = 0. (23)
7In the following, we shall perform the usual unique decomposition of B. Because the
streamlines are not necessarily geodesics, B includes the acceleration defined by
a := B(η¯, · )♯ = ∇η¯η¯, (24)
where the sharp “ ♯ ” denotes the covariant dual of covector fields with respect to g. Taking
the inner product of Eq. (20) and (23) with η¯, respectively, we obtain the orthogonal relations
of a with ξ¯ and η¯:
a · ξ¯ = 0, (25a)
a · η¯ = 0. (25b)
Eq. (25a) states that a is orthogonal to a timelike vector field, i.e. a is spacelike. Let us
denote the projection of tensor fields with respect to η¯ by ⊥. The projection tensor is given
by
g⊥ := g − η¯♭ ⊗ η¯♭. (26)
Taking Eqs. (20) and (24) into account, we obtain the projection of B as
B⊥ := B − η¯♭ ⊗ a♭. (27)
B⊥ consists of the trace Θ, the trace-free symmetric part σ and the anti-symmetric part ω:
B⊥ =
Θ
d
g⊥ + σ + ω. (28)
Θ, σ and ω are called the expansion scalar, the shear tensor and the vorticity tensor,
respectively. Using Eq. (25b), we rewrite Θ := trg⊥B
⊥ as
Θ = trgB = ∇ · η¯. (29)
C. Sonic point, shear tensor and radiation fluid
From the energy-momentum conservation law (3c) contracted with η¯, we can derive the
de Laval nozzle-like equation for a steady perfect fluid flow:
(
v2s − v2
)Lη¯
(
ln
|v|√
1− v2
)
+ Φ = 0, (30)
where
Φ = B(ξ¯, ξ¯) + v2s Θ. (31)
We also use Eqs. (3a), (3b) and (3d) in the derivation of Eq. (30). Readers may refer to
Appendix A1 for the details of the derivation of Eq. (30).
The point p is called the sonic point if the following equation is satisfied:(
v2s − v2
) ∣∣∣
p
= 0. (32)
From the de Laval nozzle-like equation (30), we obtain two necessary conditions that the
steady perfect fluid flow must satisfy at the sonic point as is shown in Theorem 3 below.
8Theorem 3. If p is a sonic point, the following two conditions must be satisfied:
Φ|p = 0, (33a)
Lη¯Φ|p ≥ −1
2
v−2(1− v2)−1Lη¯
(
v2s − v2
)Lη¯v2s ∣∣∣
p
. (33b)
Proof. The first term in the de Laval nozzle-like equation (30) vanishes at p. Simultaneously
the second term in Eq. (30) must also vanish, and we obtain the first condition (33a). In
addition, acting Lη¯ on both sides of Eq. (30), we get the following equation at p:{
Lη¯(v2s − v2)Lη¯
(
ln
|v|√
1− v2
)
+ Lη¯Φ
} ∣∣∣
p
= 0, (34)
whence
1
2
v−2
(
1− v2)−1 [Lη¯ (v2s − v2)]2 ∣∣∣
p
=
{
Lη¯Φ+ 1
2
v−2
(
1− v2)−1 Lη¯ (v2s − v2)Lη¯v2s
} ∣∣∣
p
. (35)
Because the left-hand side is non-negative, the right-hand side must also be non-negative.
Therefore, we obtain the second condition (33b).
The same conditions can be derived through the phase space analysis (see Appendix B).
Note that the flow requires only C1 smoothness at p for Eq. (33a), while the flow requires
C2 smoothness at p for the inequality (33b).
It is remarkable that the function Φ which has been defined in Eq. (31) reduces to the
(ξ¯, ξ¯) component of the shear tensor σ at a point where the speed of sound is given by 1/
√
d
with d being the spatial dimension of the spacetime. Combining this fact with Theorem 3,
we arrive at the following propositions mentioning the importance of the shear tensor in
specifying the locus of the sonic point:
Proposition 1. Suppose that p is a sonic point, and that the expansion Θ does not vanish
at p. Then the speed of sound at p is given by 1/
√
d with d being the spatial dimension of
the spacetime if and only if the (ξ¯, ξ¯) component of the shear tensor σ vanishes at p.
Proof. (=⇒) Assume that vs|p = 1/
√
d. Substituting v2s = 1/d into the first condition (33a)
in Theorem 3, we obtain Φ|p = σ(ξ¯, ξ¯)|p = 0.
(⇐=) Assume that σ(ξ¯, ξ¯)|p = 0. Combining σ(ξ¯, ξ¯)|p = 0 with the first condition (33a)
in Theorem 3, we obtain (
v2s −
1
d
)
Θ
∣∣∣
p
= 0. (36)
We have assumed Θ|p 6= 0, and therefore the flow must satisfy vs|p = 1/
√
d.
Theorem 4. Consider the radiation fluid. The necessary conditions that the steady radiation
fluid flow must satisfy at a sonic point p reduce to
σ(ξ¯, ξ¯)|p = 0, (37a)
Lη¯
[
σ(ξ¯, ξ¯)
] |p ≥ 0. (37b)
9Proof. The speed of sound for the radiation fluid is given by vs = 1/
√
d from the equation
of state. Therefore, Φ for the radiation fluid case is written as Φ = σ(ξ¯, ξ¯) at every point in
U , and furthermore the right-hand side of the inequality (33b) vanishes from the constancy
of the speed of sound for the radiation fluid.
We note that, in Theorem4, the conditions are imposed on the time-time component of the
shear tensor for the congruence of the streamlines in the radiation fluid case.
We further deform the second condition (37b) for the radiation fluid in preparation for
checking a model of the sonic point/photon surface correspondence in Sec. III. We can
rewrite the inequality (37b) to
A1 + A2 + A3 ≥ 0, (38)
where
A1 :=
{
(σ · σ − ω · ω − 2σ · ω)(ξ¯, ξ¯)− 1
d
(σ : σ + ω : ω)
} ∣∣∣
p
, (39a)
A2 :=
{
(∇⊗ a♭)(ξ¯, ξ¯) + 1
d
∇ · a
} ∣∣∣
p
, (39b)
A3 :=
{
−R(ξ¯, η¯, ξ¯, η¯)− 1
d
Ric(η¯, η¯)
} ∣∣∣
p
. (39c)
The colon “ : ” denotes double dot product defined by X : Y = tr1,4tr2,3(X ⊗Y ) for tensor
fields X,Y of rank 2, while the dot product is given by X · Y = tr2,3(X ⊗ Y ). R is the
Riemann curvature tensor, and Ric is the Ricci tensor. Readers may refer to Appendix C1
for the details of the derivation of the inequality (38).
III. SONIC POINT AND PHOTON SURFACE
In Sec. II, we obtained the necessary conditions (33a) and (33b) that the steady perfect
fluid flow must satisfy at a sonic point. In this section, we interpret these conditions to
the conditions imposed on a certain timelike hypersurface crossing the sonic point which
is a relativistic generalization of the section of the de Laval nozzle (IIIA). The timelike
hypersurface will reproduce the throat of the nozzle in the de Laval nozzle model, and it
will be an unstable or marginally stable photon surface in the known examples of the sonic
point/photon surface correspondence [18, 22, 23]. Then we summarize the relation between
the conditions for sonic point and photon surface in Sec. III B.
A. proper section of congruence
We define the proper section of the congruence of streamlines around a streamline as
follows:
Definition 2 (proper section of a streamline congruence). We define the proper section of a
streamline congruence associated with a streamline as the codimension-1 foliation satisfying
10
the following property: for every point p on the streamline, there exists a timelike leaf S ∋ p
of the foliation with the induced metric h in a manner such that every geodesic β of (S,h)
from p satisfies
η¯ · β˙ |p = 0, (40a){
∇β˙β˙ +B(β˙, β˙)η¯
} ∣∣∣
p
= 0, (40b)
where β˙ denotes the tangent vector of β.
Definition 2 stipulates that we always find the proper section S for every point p on a given
streamline by emitting β in all the directions orthogonal to η¯|p, where the tangent bundle
TS is spanned by β˙ and d − 1 linearly independent Jacobi fields for the congruence of β.
We remark that the definition of the proper section presented above stipulates that we can
find such a foliation even in the presence of the vorticity ω on the streamline. Note that, in
all known examples of the sonic point/photon surface correspondence [18, 22, 23], not only
the shear but also the vorticity vanishes at the sonic point, and A1 in Eq. (38) vanishes. We
will see the details in Sec. IV.
We also have an alternative definition of a proper section to Definition 2 as in the following
proposition:
Proposition 2. A timelike hypersurface S ∋ p is the proper section for the point p if and
only if S satisfies
(m¯− η¯) |p = 0, (41a)(
χ−B(S)⊥) |p = 0, (41b)
where m¯ is the unit vector field normal to S, χ is the second fundamental form for S, and
B(S)⊥ denotes the symmetric part of B⊥:
B(S)⊥|p :=
(
Θ
d
g⊥ + σ
) ∣∣∣
p
. (42)
Proof. (⇐=) Assume that S satisfies Eqs. (41a) and (41b). Consider an arbitrary geodesic β
of (S,h) crossing p. Because β ⊂ S, β˙ immediately obeys m¯ · β˙ = 0, and therefore β˙ satisfies
Eq. (40a) from Eq. (41a) for any β. Then β˙ obeys the geodesic equation∇β˙β˙+χ(β˙, β˙)m¯ = 0.
From Eqs. (41a) and (41b), replacing χ and m¯ in the second term of the geodesic equation
with B(S)⊥ and η¯, respectively, we obtain Eq. (40b).
(=⇒) Assume that S satisfies Eqs. (40a) and (40b). Consider an arbitrary geodesic β of
(S,h) crossing p. Because β ⊂ S, β˙ immediately obeys m¯ · β˙ = 0. Combining m¯· β˙ = 0 with
Eq. (40a), we obtain (m¯− η¯)|p = c m¯|p, where a constant c is determined to either of c = 0
or c = 2 from the normalization conditions on m¯ and η¯, which depends on the orientation
of S by m¯. Choosing the appropriate orientation c = 0, we obtain Eq. (41a). Then, from
Eq. (40b) and the geodesic equation on the hypersurface S for β, ∇β˙ β˙ + χ(β˙, β˙)m¯ = 0,
we have
(
χ−B(S)) (β˙, β˙)|p = 0 for all the geodesics β ∋ p of (S,h) where we also used
11
Eq. (41a). Here, for any geodesics β1, β2 ∋ p of (S,h), there is another geodesic β3 ∋ p
of (S,h) such that β˙1|p + β˙2|p and β˙3|p are linearly dependent. Therefore, we arrive at(
χ−B(S)) (β˙1+ β˙2, β˙1+ β˙2)|p = 0. Applying (χ−B(S)) (β˙1, β˙1)|p = (χ−B(S)) (β˙2, β˙2)|p =
0 gives
(
χ−B(S)) (β˙1, β˙2)|p = 0. Then we obtain Eq. (41b).
It should be emphasized that, through Proposition 2, the shear tensor σ in Theorem 4 can
be regarded as the traceless part σχ of the second fundamental form for the proper section
of the fluid flow. That is, letting H be the mean curvature for S, and σχ be the trace-free
part of χ, we find χ = Hh+ σχ, and
1
d
Θ
∣∣∣
p
= H|p, (43a)
σ|p = σχ|p. (43b)
Therefore, the conditions for the sonic point can be interpreted as conditions for the associ-
ated proper section, and we can compare them with the conditions for the photon surface.
However, we note that η¯ is identical to m¯ only at the point p and not hyper-surface normal
in general. Thus the Lie derivative of σ along η¯ included in Eq. (37b) should be carefully
evaluated.
B. Sonic point on photon surface
Let us summarize the conditions for the sonic point and photon surface, and compare
them with each other. For completeness, here we describe the definition of the stability of
a photon surface:
Definition 3 (Unstable or marginally stable photon surface [6, 24, 25]). A photon surface of
a spacetime (M, g) of arbitrary dimension is an immersed, nowhere-spacelike hypersurface
S such that, for every point p ∈ S and every null vector k ∈ TpS, there exists a null geodesic
γ : (−ǫ, ǫ)→M with γ(0) = k and |γ| ⊂ S.
Let R be the Riemann curvature tensor associated with the Levi-Civita connection on
(M, g) and let m¯ ∈ NpS be the unit vector normal to S. A photon surface is said to be
unstable (marginally stable) if R(m¯,k, m¯,k) < 0 (R(m¯,k, m¯,k) = 0) for every point p ∈ S
and every null vector k ∈ TpS.
The following theorem provides an alternative equivalent condition for the stability:
Theorem 5 ([6, 24, 25]). Let {Sr}r∈(−ǫ,ǫ) be a timelike Gaussian normal foliation of (M, g)
such that S = S0 is a photon surface. Let σχ be the trace-free part of the second funda-
mental form for {Sr}r∈(−ǫ,ǫ). A photon surface is unstable (marginally stable) if and only if
(∇m¯σχ)(k,k) > 0 ((∇m¯σχ)(k,k) = 0) for every point p ∈ S and every null vector k ∈ TpS.
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Combining Theorems 2 and 5, we obtain the conditions for an unstable or marginally
stable photon surface as follows:
σχ|p = 0, (44a)
(∇m¯σχ)(k,k)|p ≥ 0, (44b)
where we note that σ|p = σχ|p but σ 6= σχ at the other points on the stream line in
general. These conditions should be compared with the conditions (37a) and (37b). It can
be easily found that (37a) guarantees only a part of the condition (44a), and the inequal-
ity (37b) is not equivalent to (44b). Therefore, we conclude that, in all known examples
for the sonic point/photon surface correspondence, additional assumptions, such as spatial
symmetry and specific fluid configuration, are essential for the realization of the correspon-
dence. More concretely, regarding the equality condition on the shear tensor, σ(ξ¯, ξ¯)|p = 0
should imply σχ = 0 together with the additional assumptions for realization of the sonic
point/photon surface correspondence. That is, Eq. (37a) is a necessary condition for the
proper section being a photon surface. From this perspective, we may understand that
the sonic point/photon surface correspondence would require spatial (d − 1)-dimensional
maximal symmetry to the spacetime: G = SO(d), E(d− 1) or SO(d− 1, 1).
Let us consider the general equation of state for the perfect fluid. Then Proposition 1
leads to the following proposition
Proposition 3. Suppose that p is a sonic point. If the proper section S ∋ p is a photon
surface whose mean curvature does not vanish at p, the speed of sound at p must be given
by 1/
√
d.
Proof. Denoting the mean curvature of the second fundamental form χ on the photon surface
by H , we find 1
d
Θ|p = H|p 6= 0 and σ(ξ¯, ξ¯)|p = σχ(ξ¯, ξ¯)| = 0. Therefore, Proposition 1
applies, i.e. we get vs|p = 1/
√
d.
So far, we have considered the conditions for a given sonic point to be on the photon
surface. On the other hand, we may consider the following question: is it possible to find
a solution of the steady radiation fluid flow normal to a given photon surface with a sonic
point on the photon surface? Practically, through the equations of motion (3a) - (3d), we
can specify the configuration of the steady radiation fluid flow in the vicinity of the timelike
hypersurface S by a set of functional forms of P , s, v and the vector field η¯ on S. In
other words, we regard the solutions are equivalent to each other if they satisfy the same
boundary condition on S. Therefore, in order to answer our question, we have to consider
the conditions (37a) and (37b) on the photon surface S as a boundary. Let us consider the
boundary condition satisfying the following equations:
σ|p = ω|p = 0, (45a)
dSP |p = dSs |p = dSv |p = 0, (45b)
where dS denotes the exterior derivative on S. Setting v|p = vs = 1/
√
d, the condition (37a)
can be trivially satisfied. We also find that we can make the condition (37b) satisfied by
appropriately setting the functional form of P on the photon surface S through the following
Proposition 4.
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Proposition 4. Consider a steady flow of the radiation fluid. Suppose that p is the sonic
point, and that p satisfies Eqs. (45a) and (45b). Then S must satisfy the inequality
A1 + A2 + A3 ≥ 0, (46)
where
A1 = 0, (47a)
A2 = −
{
∆S
(
ln
√
|ξ · ξ|
)
+
2
d
Ric(m¯, ξ¯) +
(
1− 1
d
)
(nh)−1∆SP
} ∣∣∣
p
, (47b)
A3 = −
{
R(ξ¯, m¯, ξ¯, m¯) +
1
d
Ric(m¯, m¯)
} ∣∣∣
p
, (47c)
and ∆S denotes the Laplace-Beltrami operator on (S,h) with h being the induced metric on
S.
Proof. The expressions (47a) and (47c) of A1 and A3 immediately follow from Eq. (45a) and
(41a), respectively. We give the derivation of the expression (47b) of A2 in Appendix C2.
From the equation of state (3d) for the radiation fluid, n and h for the radiation fluid are
related with P by
nh =
(
1
d
)−1(
1 +
1
d
)
P. (48)
Substituting Eq. (48) into Eq. (47b), we can rewrite the inequality (46) to the following
inequality:
P−1∆SP |p ≤ −
(
1 + 1
d
)(
1
d
) (
1− 1
d
) {∆S (ln√|ξ · ξ|)+ 2
d
Ric(m¯, ξ¯) +R(ξ¯, m¯, ξ¯, m¯) +
1
d
Ric(m¯, m¯)
} ∣∣∣
p
.
(49)
Apparently, choosing the functional form of P such that the left-hand side P−1∆SP |p is less
than the right-hand side of the inequality (49), we can make the condition (37b) satisfied.
IV. SONIC POINT/PHOTON SURFACE CORRESPONDENCE
In this section, we reanalyze known examples of the sonic point/photon surface corre-
spondence from the view point of the shear tensor for the congruence of the streamlines and
the trace-free part of the second fundamental form based on Refs. [18, 22, 23].
Following Ref. [23], we consider a (d + 1)-dimensional static spacetime with spatially
spherical, planar or hyperbolic symmetry G whose metric is given by
g = gtt(r)dt
2 + grr(r)dr
2 + γ, (50)
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where smooth functions gtt(r) and grr(r) satisfy gtt(r) < 0 and grr(r) > 0, respectively. The
induced metric γ of a spacelike submanifold {r, t = const.} is given by
γ = r2
{
dθ2 + s(θ)2dΩ2(d−2)
}
, s(θ) =


sin θ ( G = SO(d) )
θ ( G = E(d− 1) )
sinh θ ( G = SO(d− 1, 1) )
, (51)
where dΩ2(d−2) is the metric of the unit (d− 2)-sphere. By introducing the polar coordinates
(φ1, · · · , φd−2), we write dΩ2(d−2) as
dΩ2(d−2) =
d−2∑
i=1
(
i∏
j=1
sin2 φj
)
dφ2i
sin2 φi
, (52)
and we write the (d− 2)-th coordinate φd−2 by φd−2 =: φ in order to distinguish φd−2 as the
azimuthal coordinate. The corresponding basis ∂φ to φ is a spacelike Killing vector field on
the spacetime. We also denote θ by θ = φ0 for convenience.
Following Ref. [22], we investigate the steady perfect fluid flow with Killing observers on
the equatorial plane {φ0 = · · · = φd−3 = π/2}. We impose the following several assumptions
on the flow as in Ref. [22]. Letting ρ2 := φ20 + · · ·+ φ2d−3, we define the equivalence relation
“∼ ” around the equatorial plane to the first order by f ∼ g :⇐⇒ f = g + O(ρ2) for
functions f and g, and X ∼ Y :⇐⇒ Xµ = Y µ + O(ρ2) for vector fields X and Y . We
suppose that the perfect fluid flow admits the translational symmetries associated with t
and φ, and reversal symmetries associated with (φ0, · · · , φd−3), i.e.
P ∼ P (r), (53a)
s ∼ s(r), (53b)
u ∼ ut(r)∂t + ur(r)∂r + uφ(r)∂φ +
d−3∑
i=0
φi u
φi(r)∂φi, (53c)
and we also suppose that the flow also satisfies the following additional conditions:
ur(r) 6= 0, (54a)
uφi(r) = 0 (i = 0, · · · , d− 3). (54b)
The former condition leads to
s ∼ const.
from Eq. (4). In Ref. [22], the additional condition (54b) was imposed as the condition of
uniform matter distribution of the disk.
So far, we did not specify the observer (d+1)-velocity uobs nor the Killing vector field ξ.
Here, we reemphasize that uobs and ξ are not identical to each other in general, but satisfy
uobs|p = ξ¯|p at the point p under consideration. In the present setting, let us consider a set
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of co-rotating observers. The vector field associated with the co-rotating observers takes the
following form on the equatorial plane:
uobs ∼ γ(r){∂t + ω(r)∂φ}, (55)
where ω(r) := uφ(r)/ut(r) denotes the angular velocity of the observers, and γ(r) is the
normalization factor which ensures uobs ·uobs = −1. We note that the model of the rotating
flow in the G = SO(d) case [22] has not been extended to the G = E(d − 1) and G =
SO(d − 1, 1) cases although one can easily predict the quite similar results of the sonic
point/photon surface correspondence to Ref. [22]. In specifying the speed of the flow, the
orthogonal decomposition of u with respect to uobs is performed, and the spacelike unit
vector field w¯ orthogonal to uobs defined from the orthogonal decomposition obeys the
following equivalence relation:
w¯ ∼ g−1/2rr ∂r. (56)
Therefore, we can regard w¯ as the unit vector field normal to r = const. hypersurfaces in
the vicinity of the equatorial plane.
For each point p ∈ {φ0 = · · · = φd−3 = π/2} on the equatorial plane, we employ the
Killing vector field
ξ := ∂t + ω(rp)∂φ, (57)
where rp denotes the radius at p. We get the spacelike vector field η¯ that is orthogonal to
ξ and obeys
η¯ ∼ η¯ t(r)∂t + η¯ r(r)∂r + η¯ φ(r)∂φ (58)
on a neighborhood U of p. By construction, uobs coincides with ξ¯ at p, and simultaneously
w¯ coincides with η¯ at p. Comparing Eqs. (57) and (58) at p, we obtain η¯ t(rp) = η¯
φ(rp) = 0,
and therefore
(w¯ − η¯) |S ∼ 0, (59)
where S = {r = rp} is the timelike hypersurface of constant radius including p. In other
words, we can regard η¯ as the unit vector normal to S, and identify it with w¯ in the vicinity
of p. Then B(S)⊥ can be also identified with χ at p:(
χ−B(S)⊥) |p = 0, (60)
where χ is the second fundamental form of S. As a consequence, on each point on the
equatorial plane, the timelike hypersurface S of constant r including the point is the proper
section, defined in Sec. IIIA, according to Proposition 2.
Hereafter, we investigate the necessary conditions that the steady perfect fluid flow must
satisfy at the sonic point for this model. First of all, we show the following lemma for the
proper section S which plays an important role in the sonic point/photon surface correspon-
dence:
Lemma 1. Let S = {r = rp} be a timelike hypersurface of constant r in the spacetime of the
metric (50) with (51), and let σχ be the trace-free part of the second fundamental form χ
for S. For any tangent vectors X,Y ∈ TpS such that Xµ, Y µ 6= 0, the following statements
for σχ hold:
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• σχ(X,X) = 0 if and only if σχ(Y ,Y ) = 0,
• σχ(X,X) > 0 if and only if σχ(Y ,Y ) > 0,
• σχ(X,X) < 0 if and only if σχ(Y ,Y ) < 0.
Proof. In the following, we substitute r = rp into all the functions of r without writing
explicitly for convenience. The components of χ are given as
χij = Λgij, (61a)
χit = 0, (61b)
χtt =
1
2
(grr)
−1/2 d
dr
gtt, (61c)
where i, j ∈ {θ, φ1, · · · , φd−3, φ}, and Λ is defined by Λ−1 := r√grr, and the components of
σ are given as
(σχ)ij = (Λ−H) gij , (62a)
(σχ)it = 0, (62b)
(σχ)tt = χtt −Hgtt, (62c)
whereH denotes the mean curvature for S. Here, the definition ofH gives another expression
of χtt as follows:
Hd = Λ(d− 1) + gttχtt. (63)
Applying Eq. (63) to Eq. (62c) gives
(σχ)tt = (Λ−H) (d− 1)|gtt|. (64)
The (X,X) component of σχ is given as
σχ(X,X) = (Λ−H)
{
(d− 1)|gtt|
(
X t
)2
+ gijX
iXj
}
. (65)
The curly bracket is positive as long as Xµ 6= 0. Therefore, the coefficient Λ−H determines
the sign independently of X.
The first statement of the equality “= ” in Lemma 1 implies that σ(ξ¯, ξ¯)|p = 0 holds for
the congruence of streamlines if and only if σχ = 0 holds for the proper section {r = rp}.
The mean curvature H takes the positive value H = Λ(rp) > 0, and we arrive at this result:
the speed of sound at the sonic point p is given by 1/
√
d if and only if the proper section
{r = rp} is a photon surface , where the ‘if’ part comes from Proposition 3, and the ‘only
if’ part comes from Proposition 1 and Lemma 1. We also find that the sonic point for the
radiation fluid must be on a photon surface.
Hereafter, we consider the radiation fluid. The flow fulfills both of the assumptions (45a)
and (45b), i.e. Proposition 4 applies to this model. We investigate the inequality (46) that
the proper section must satisfy for this model, and show that the inequality (46) implies
the inequality (44b) in the present setting. We first deform A2. Here, we start with the
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expression (39b) of A2 in terms of a instead of Eq. (47b). The vector field a is orthogonal
to η¯ from Eq. (25b), and η¯ is regarded as the vector normal to S = {r = rp} in the vicinity
of the equatorial plane. Therefore, we obtain ar(rp) ∼ 0, and we find the r component of
a vanishes at p. Introducing the determinant g of the metric g in the coordinate system
(t, r, θ, φ1, · · · , φd−3, φ), we can deform the expression (39b) of A2 to
A2 =
{
aµ∂µ
(
ln
√
|ξνξν |
)
+ |g|−1/2∂µ
(|g|1/2aµ)}∣∣∣
p
= ∂ra
r |p
= Lη¯a · η¯ |p. (66)
Here, we consider the identity Lη¯ [∇η¯(η¯ · η¯)] = 0 which is deformed to
Lη¯a · η¯ + a · a = 0. (67)
The first term of Eq. (67) is identical to A2. From Eq. (25a), a is spacelike, and therefore
we have the inequality
A2 ≤ 0. (68)
We also have the expression (47b) of A2 in terms of the pressure P . Given the metric (50)
with (51) of the spacetime, we get
∆S
(
ln
√
|ξ · ξ|
)
= 0, (69a)
Ric(m¯, ξ¯) = 0, (69b)
where m¯ is the unit vector normal to S. Eq. (47b) reduces to
A2 = −
(
1
d
) (
1− 1
d
)(
1 + 1
d
) P−1∆SP ∣∣∣
p
. (70)
The inequality (68) leads to ∆SP |p ≥ 0 1.
Applying the inequality (68) to Proposition 4 gives the inequality for A3:
A3 ≥ −A2 ≥ 0 (71)
as a necessary condition. A3 is originally a part of the left-hand side of the inequality (37a),
and we performed the decomposition of the inequality (37a) in Appendix C1. In this model,
A1 vanishes, and therefore A3 is the remaining part of the inequality for the congruence of
the streamlines in addition to A2, which contains all contributions from a. In other words,
A3 does not depend on a, and the value of A3 is shared by the shear tensor σχ associated
with the Gaussian normal foliation with the normal vector m¯ = w¯ adopted in Theorem 5.
Therefore, hereafter, we consider A3 as a variable associated with the Gaussian normal
coordinate. We can rewrite A3 as
A3 = Lw¯
[
σχ(ξ¯, ξ¯)
] ∣∣∣
p
. (72)
1 Remark that the thin disk model in Ref. [22] dealt with the equality case ∆SP |p = 0 by assuming uniform
matter distribution in the angular directions.
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One practically finds that Eq. (72) can be shown by performing the deformation of the right-
hand side of Eq. (72) together with Eq. (56), following Appendix C1 2. Here, we label the
r = const. hypersurfaces around the sonic point p by a real number ǫ as Sǫ := {r = rp + ǫ},
and we denote the trace-free part of the second fundamental form for Sǫ by σǫ. We have
S0 = S and σ0 = σχ|p with this notation. Eq. (72) is further deformed to be
A3 = lim
ǫ→0
σǫ(ξ¯, ξ¯)− σ0(ξ¯, ξ¯)√
grr(rp) ǫ
= lim
ǫ→0
σǫ(ξ¯, ξ¯)√
grr(rp) ǫ
, (73)
where we have used σ0(ξ¯, ξ¯) = 0. Recall that A3 must satisfy the inequality (71). Applying
the second statement of Lemma 1 to the inequality (71) with the expression (73) of A3, we
arrive at the following inequality including an arbitrary null vector field k on Ms:
Lw¯ [σχ(k,k)]
∣∣∣
p
≥ 0. (74)
In the investigation of the stability of the photon surface, we consider the deviation of null
geodesics whose initial tangent vectors are parallelly transported from each other. Applying
∇w¯k|p = 0 to the inequality (74) gives
(∇w¯σχ)(k,k)
∣∣∣
p
≥ 0, (75)
where we have supposed that k · k|p = 0, and k|p ∈ TpS. The inequality (75) is exactly
the alternative definition of an unstable or marginally stable photon surface in Theorem 5.
Remarkably, the inequality (71) states that S is a marginally stable photon surface only if
∆SP |p = 0, which is fulfilled if the matter distribution on S in the vicinity of p is uniform in
the angular directions to the second order. Now we have arrived at the sonic point/photon
surface correspondence:
Theorem 6 (Sonic point/photon surface correspondence for steady rotating flow (including
Refs. [18, 22, 23])). Consider a (d+1)-dimensional spacetime equipped with the metric (50)
with (51), a steady rotating flow of the radiation fluid, which admits the t- and φ-translational
symmetries and the reversal symmetries in the other angular directions together with the
additional condition (54b), and the observer on the equatorial plane co-rotating with the
flow. If the flow is of class C2 at the sonic point on the equatorial plane, the sonic point
of the flow on the equatorial plane must be on an r = const. photon surface that is either
unstable or marginally stable.
V. SUMMARY
We considered a transonic steady perfect fluid flow associated with fiducial observers in
a (d + 1)-dimensional general stationary spacetime. The stationary flow of perfect fluid
2 In Appendix C 1, we performed the decomposition Lη¯[σ(ξ¯, ξ¯)]|p = C1 +C2+C3 = A1 +A2+A3. In the
same manner, we can also perform the decomposition Lw¯[σχ(ξ¯, ξ¯)]|p = (Cw¯)1 + (Cw¯)2 + (Cw¯)3 for the
Gaussian normal foliation, where (Cw¯)1 := Lw¯H |p, (Cw¯)2 := (∇w¯χ)(ξ¯, ξ¯)|p and (Cw¯)3 := 2χ(∇ξ¯, ξ¯)|p
are calculated to be (Cw¯)1 =
{−H2 − 1
d
Ric(η¯, η¯)
} ∣∣∣
p
, (Cw¯)2 =
{
H2 − R(w¯, ξ¯, w¯, ξ¯)
}∣∣∣
p
and (Cw¯)3 = 0,
respectively. We used σχ|p = ωχ|p = aχ|p = 0 from the assumptions in Sec. IV. We have Eq. (72):
Lw¯[σχ(ξ¯, ξ¯)]|p =
{− 1
d
Ric(η¯, η¯)−R(w¯, ξ¯, w¯, ξ¯)} |p = A3.
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and fiducial observers are defined in terms of the timelike Killing vector field. The speed
of the fluid flow is defined by the fluid velocity relative to the fiducial observer. In the
neighborhood of each point, we defined streamlines as the spacelike integral curves given by
the projection of the fluid (d+1)-velocity onto the spatial direction orthogonal to the Killing
vector field. We showed that the congruence of streamlines must satisfy the equation (33a)
and the inequality (33b) at the sonic point, both of which are conditions for the function Φ
defined in Eq. (31). The first condition (33a) comes from that the speeds of the fluid and
sound must be equal to each other, and the second condition (33b) ensures that the solution
exists at least in the vicinity of the sonic point. It is worth mentioning that, in the phase
space analysis, those conditions require that the point in the phase space to be the saddle
point of the Hamiltonian, as we show in Appendix B. Furthermore, it is remarkable that
Φ reduces to the time-time component of the shear tensor for the streamline congruence
at the sonic point if the speed of sound at the sonic point is given by 1/
√
d, which leads
to Proposition 1. In particular, Φ is the time-time component of the shear tensor at every
point if we consider the radiation fluid, whose speed of sound is given by 1/
√
d, and the
necessary conditions are reduced to Eqs. (37a) and (37b) as in Theorem 4.
Then we considered a photon surface, which is defined as a totally umbilical non-spacelike
hypersurface, as the proper section at the sonic point, where the proper section is defined
as the codimension-1 foliation satisfying the property given in Definition2 associated with
a streamline of the fluid flow congruence. A timelike photon surface, as well as the locus
of the sonic point for the steady radiation fluid flow, is defined in terms of the trace-free
part of the second fundamental form. Therefore, the shear tensor for the proper section and
the trace-free part of the second fundamental form of the photon surface are essential in
the sonic point/photon surface correspondence. We found that the first condition (33a) for
the sonic point does not imply that all the components of the trace-free part of the second
fundamental form vanish, i.e. the sonic point is not necessarily umbilical, which implies that
the sonic point/photon surface correspondence requires spatial symmetry. Actually, in the
known results [18, 22, 23] of the sonic point/photon surface correspondence, the spacetime
admits spatial spherical, planar or hyperbolic symmetry together with staticity, and the
symmetry eliminates redundant degrees of freedom in the condition for the photon surface.
We also showed that the second condition for the sonic point, obtained as an inequality,
can be rewritten as an inequality for the pressure of the fluid as a function on the photon
surface.
Finally, we presented the sonic point/photon surface correspondence in terms of the
shear tensor based on Refs. [18, 22, 23] showing that the sonic point is on a photon surface
of constant r if and only if the speed of sound at the sonic point is given by 1/
√
d for
any perfect fluid. This implies that the perfect fluid with any equation of state necessarily
behaves like the radiation fluid on the sonic points.
Last but not least, we assumed at least C1 smoothness at the sonic point on the flow
throughout this paper, and excluded the possibility of the transonic shock at the sonic
point. Therefore, a weak solution in the neighborhood of the sonic point has not been taken
into account in our analysis. If we allow the existence of the shock at the sonic point in
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Theorem 6, there might be a sonic point on a stable photon surface or even off the photon
surfaces.
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Appendix A: Deformation of the energy-momentum conservation law
In this appendix, we perform the deformation of the energy-momentum conservation
law (3c) for the steady perfect fluid flow. For a vector field X on U , the energy-momentum
conservation law (3c) contracted with X is given by
∇ · [nhu(u ·X)]− nhu · ∇uX + LXP = 0. (A1)
Applying the continuity equation (3b) to the first term of Eq. (A1) gives
nLu[h(u ·X)]− nhu · ∇uX + LXP = 0. (A2)
1. The η¯ component
Substituting X = η¯ into Eq. (A2) yields
nLu [h(u · η¯)]− nhu · ∇uη¯ + Lη¯P = 0. (A3)
We rewrite the first two terms of Eq. (A3) by applying the orthogonal decomposition (12)
of u. The first term is deformed to be
Lu [h(u · η¯)] = (u · η¯)Lη¯ [h(u · η¯)]
= (u · η¯)2
{
Lη¯h+ hLη¯
(
ln |u · η¯|
)}
. (A4)
From Eq. (14), the overall factor of Eq. (A4) is rewritten as (u · η¯)2 = v2 (1− v2)−1, so that
we obtain
Lu[h(u · η¯)] = v2(1− v2)−1
{
Lη¯h+ hLη¯
(
ln |u · η¯|
)}
. (A5)
The second term of Eq. (A3) is deformed to be
u · ∇uη¯ = B(u,u)
=
(
1− v2)−1 {B(ξ¯, ξ¯) + vB(ξ¯, η¯) + vB(η¯, ξ¯) + v2B(η¯, η¯)}
=
(
1− v2)−1B(ξ¯, ξ¯), (A6)
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where we used Eqs. (20) and (23).
We substitute Eqs. (A5) and (A6) into Eq. (A3), and we also apply the first law of
thermodynamics (3a) to the last term of Eq. (A3):
n
(
1− v2)−1 {Lη¯h + hv2Lη¯( ln |u · η¯|)− hB(ξ¯, ξ¯)}− nTLη¯s = 0. (A7)
Here, from the isentropic condition (4) and the stationarity (9a) of the flow, we obtain
Lη¯s = 0, (A8)
i.e. the last term of Eq. (A7) vanishes. We also deform the first term of Eq. (A7) using
the continuity equation (3b) as follows. The continuity equation (3b) is rewritten as Lun =
−n∇ · u, so that we have
Lη¯h = hn−1v2sLη¯n
= −hv2s∇ · u
= −hv2s
{
Lη¯
(
ln |u · η¯|
)
+Θ
}
. (A9)
Substituting Eq. (A9) into Eq. (A7) gives
− nh(1− v2)−1
{
(v2s − v2)Lη¯
(
ln |u · η¯|
)
+B(ξ¯, ξ¯) + v2s Θ
}
= 0. (A10)
Because we have supposed nh(1 − v2)−1 6= 0, we arrive at the de Laval nozzle-like equa-
tion (30).
2. The other spatial components
Let ei be another orthonormal vector field on U than ξ¯ and η¯, satisfying
ξ¯ · ei = η¯ · ei = 0. (A11)
Substituting X = ei into Eq. (A2) yields
nLu[h(u · ei)]− nhu · ∇uei + LeiP = 0. (A12)
From the expression (12) of u and the orthogonal relation (A11), we find ei is also orthogonal
to u, i.e. u · ei = 0. Therefore, the first term of Eq. (A12) vanishes. We deform the second
term of Eq. (A12) as
−u · ∇uei = ∇uu · ei
=
(
1− v2)−1 {∇ξ¯ξ¯ + v(∇ξ¯η¯ +∇η¯ξ¯)+ v2∇η¯η¯} · ei. (A13)
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Applying the Killing equation ∇µξν + ∇νξµ = 0 and the orthogonal relation (A11), we
rewrite the first term and the third term of Eq. (A13) as follows:
∇ξ¯ξ¯ · ei = (ξ · ξ)−1∇eiξ · ξ
=
1
2
(ξ · ξ)−1∇ei (ξ · ξ)
= Lei
(
ln
√
|ξ · ξ|
)
, (A14)
and
∇η¯ξ¯ · ei = − (ξ · ξ)−1/2∇eiξ · η¯
= ∇eiη¯ · ξ¯
= B(ξ¯, ei). (A15)
Eq. (A13) transforms to
− u · ∇uei =
(
1− v2)−1 {Lei (ln√|ξ · ξ|)+ 2vB(ξ¯, ei) + v2a · ei}. (A16)
Therefore, Eq. (A12) results in
nh
(
1− v2)−1 {Lei (ln√|ξ · ξ|)+ 2vB(ξ¯, ei) + v2a · ei}+ LeiP = 0. (A17)
Here, we denote the second term of Eq. (A17) by the following vector field b on U orthogonal
to both of ξ¯ and η¯:
b :=
∑
i
B(ξ¯, ei)ei. (A18)
Because we have supposed nh (1− v2)−1 6= 0, Eq. (A17) is rewritten as
ei ·
{
d
(
ln
√
|ξ · ξ|
)
+ 2v b+ v2a +
(
1− v2) (nh)−1dP} = 0. (A19)
Appendix B: Phase space analysis
We derived the necessary conditions (33a) and (33b) for the steady perfect fluid flow at
the sonic point. These conditions have been conventionally derived through the phase space
analysis. In this appendix, we revisit Theorem 3 by considering the Hamiltonian mechanics
on the streamlines.
1. Conserved quantities along streamlines
Let us consider the steady perfect fluid flow in U . The Lie-commutativity (18) stipulates
that ξ and η¯ span a foliation of U . Since we can take U to be an arbitrarily small region
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including a point p, we can always find a local chart (U, (τ, λ,X i)) by choosing a suitable U ,
where the coordinates τ and λ on each leaf are respectively the parameters on the integral
curves of ξ and η¯ satisfying
ξ = ∂τ , (B1a)
η¯ = ∂λ, (B1b)
and the other coordinates X i are d− 1 independent functions taking constant on each leaf.
ξ and η¯ are holonomic bases on each leaf in this coordinate system.
Because the fluid (d + 1)-velocity u has been expressed as the combination of ξ and η¯
from Eq. (12), u is tangent to the leaves of the foliation of U . In other words, for any
integral curve of u in U , there exists a leaf Σ ⊂ U of the foliation in a manner such that the
integral curve is given as the image |γ| of γ : (σ1, σ2)→ Σ, where σ ∈ (σ1, σ2) is the proper
time along |γ|, and u is expressed as u = d/dσ. We get the parametric representation of
each integral curve |γ| of u as
τ = τ(σ), (B2a)
λ = λ(σ), (B2b)
X i = const., (B2c)
and the coordinate representation of u = d/dσ is given by
u = uτ∂τ + u
λ∂λ, (B3)
where uτ := dτ/dσ and uλ := dλ/dσ. The coefficients uτ and uλ are related to the other
expressions as follows:
−u · ξ¯ = 1√
1− v2 = u
τ
√
|gττ |, (B4a)
u · η¯ = v√
1− v2 = u
λ. (B4b)
The normalization condition (2) for u is deformed to
gττ (u
τ)2 + (uλ)2 = −1, (B5)
where we used that η¯ = ∂λ is a unit vector field, i.e. gλλ = 1.
In the coordinate system (τ, λ,X i), the continuity equation (3b) and the energy-momentum
conservation law (3c) contracted with ξ are rewritten as
∂µ
(√
|g|nuµ
)
= 0, (B6a)
∂µ
(√
|g|nhgττuτuµ
)
= 0, (B6b)
where g denotes the determinant of g in the coordinate system (τ, λ,X i). We find the
associated conserved quantities µ and ν taking constant on each leaf as follows:
µ = µ(X i) :=
√
|g|nuλ, (B7a)
ν = ν(X i) :=
√
|g|nhgττuτuλ. (B7b)
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In addition, the specific entropy s is the third conserved quantity on each leaf from the
isentropic condition (4). In this paper, we use s, µ and the ratio
ε = ε(X i) :=
ν
µ
= gττhu
τ , (B8)
that is also a conserved quantity instead of ν.
The conserved quantity µ on each leaf of the foliation is what is called the accretion rate
in accretion problems. For µ = 0, we get uλ = 0 from Eq. (B7a), and we further get v = 0
from Eq. (B4b). Therefore, the flow is at rest in the reference frame of the observer if µ = 0,
which is consistent with the picture of non-accreting fluid. Note that ε in Eq. (B8) takes
non-zero value even if µ = 0.
In the coordinate system (τ, λ,X i), the de Laval nozzle equation (30) is rewritten as(
v2s − v2
)
∂λ
(
ln |uλ|)+ Φ = 0, (B9)
where we can express the second term Φ as
Φ = −∂λ
(
ln
√
|gττ |
)
+ v2s ∂λ
(
ln
√
|g|
)
(B10)
using
Θ = ∂λ
(
ln
√
|g|
)
, (B11a)
Bττ = ∂λ
(
ln
√
|gττ |
)
gττ . (B11b)
2. Hamiltonian mechanics on streamlines
Once the foliation of U is given, and the values of the conserved quantities s, µ and ε on
one of the leaves Σ are fixed, then Eqs. (2), (3d), (B7a) and (B7b) result in the simultaneous
algebraic equations for uτ (σ), uλ(σ), n(σ) and h(σ), where we may rewrite the equation of
state (3d) to h = h(n, s) since we have supposed that the squared speed of sound (5) is
positive, i.e. v2s = h
−1(∂P/∂n)s > 0, and therefore n = n(P, s) is a strictly monotonically
increasing function of P if s is fixed. By eliminating uτ , uλ and h from Eqs. (2), (3d), (B7a)
and (B7b), we obtain the following algebraic equation for n = n(σ):
ε2 = h(n(σ), s)2|gττ(σ)|

1 +
(
µ√|g(σ)| n(σ)
)2 . (B12)
We define the product space Γ := (σ1, σ2)×R>0 of the proper time σ and the number density
n, and express the right-hand side of Eq. (B12) as
F (σ, n) := h(n, s)2|gττ (σ)|

1 +
(
µ√|g(σ)| n
)2 . (B13)
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Eq. (B12) is simply rewritten as ε2 = F (σ, n), and we obtain n = n(σ) as a level curve of
the 2-dimensional surface on Γ that is given by F : Γ → R>0 from Eq. (B13). The level
curve can be also given as the image |c| of the map c : (σ1, σ2)→ Γ.
It is well known that the level curve of the 2-dimensional surface can be regarded as
the orbit of the Hamiltonian mechanics in 2-dimensional phase space in general, and the
investigation of fluid systems in terms of the Hamiltonian mechanics, referred to as the
phase space analysis, is widely used (see, e.g. Ref. [26]). We can actually derive the canonical
equations for (σ(λ˜), n(λ˜)) as follows, where λ˜ is the parameter on the level curve |c|. Because
|c| is a level curve of F , the directional derivative of F along |c| vanishes. We denote the
directional derivative along |c| by d|c|, and we get
d|c|F = (∂σF )d|c|σ + (∂nF )d|c|n = 0. (B14)
In the parametric representation (σ(λ˜), n(λ˜)), Eq. (B14) is deformed to the canonical equa-
tions:
d
dλ˜

σ
n

 = N

 ∂nF
−∂σF

 , (B15)
where N is the Lagrange multiplier associated with the parametrization λ˜ of |c|. In the
context of the phase space analysis, Γ is the phase space, F is the Hamiltonian, |c| is the
orbit, and n is the conjugate momentum to the position σ.
We also redefine the speed of sound and the speed of the flow as functions vs = vs(n) and
v = v(σ, n) on Γ through Eqs. (5) and (14). From Eq. (14), v = v(σ, n) is given by
(
1− v2)−1 = 1 +
(
µ√
|g|n
)2
. (B16)
From Eq. (B16),
∂nv
2 = −2v2(1− v2)n−1, (B17a)
∂σv
2 = −2v2(1− v2)∂σ
(
ln
√
|g|
)
. (B17b)
Substituting Eq. (B16) into Eq. (B13), we rewrite F to
F = h2|gττ |
(
1− v2)−1 . (B18)
Applying Eqs. (B17a) and (B17b), we obtain
∂nF = 2Fn
−1
(
v2s − v2
)
, (B19a)
∂σF = 2F
{
−ΦΓ +
(
v2s − v2
)
∂σ
(
ln
√
|g|
)}
, (B19b)
where
ΦΓ(σ, n) := −∂σ
(
ln
√
|gττ |
)
+ v2s ∂σ
(
ln
√
|g|
)
. (B20)
We find Φ and ΦΓ obey Φ = u
λΦΓ from Eqs. (B10) and (B20).
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3. Sonic point in the spacetime and saddle point in the phase space
Now we present the following theorem which is consistent with Theorem 3.
Theorem 7. Let γ : (σ1, σ2)→ U be the fluid world line, the integral curve of u, including
p. Consider the Hamiltonian mechanics on the streamline |γ|, where the phase space is given
as Γ = (σ1, σ2)× R>0, the space of σ and n, and the Hamiltonian F : Γ → R>0 is given by
Eq. (B13). Let c : (σ1, σ2)→ Γ give n = n(σ). If p ∈ |γ| is a sonic point, pc ∈ |c| defined by
pc = c ◦ γ−1(p) must be a saddle point of F , i.e.
∂nF |pc = 0, (B21a)
∂σF |pc = 0, (B21b)
and the Hessian at pc defined by
Hess :=
{
(∂2σF )(∂
2
nF )− (∂σ∂nF )2
}∣∣∣
pc
(B22)
obeys Hess ≤ 0.
Proof. The point p ∈ |γ| in the spacetime is mapped to the point pc ∈ |c| in the phase space
by the composition c ◦ γ−1. If p is a sonic point, simultaneously the following equation in Γ
must be satisfied: (
v2s − v2
) ∣∣∣
pc
= 0. (B23)
From Eq. (B19a), Eq. (B23) is equivalent to Eq. (B21a). In addition, from the canonical
equations (B15), Eq. (B21a) is also equivalent to
dσ
dλ˜
∣∣∣
pc
= 0. (B24)
where we set N to N = 1. In the context of dynamical systems, the set of points where
dσ/dλ˜ = 0 with N = 1 is called the σ-nullcline. Therefore, we can conclude that pc must
be a point on the σ-nullcline {∂nF = 0} if p is the sonic point.
We find from the canonical equation (B15) with N = 1/(∂nF ) which leads to λ˜ = σ that
the gradient of n = n(σ) is given by
dn
dσ
= −∂σF
∂nF
. (B25)
We have supposed that the flow is of class C2 in U , and therefore Eq. (B21b) must also
be satisfied in order that Eq. (B25) does not diverge at pc. So far we showed that both
Eqs. (B21a) and (B21b) must be satisfied at pc, i.e. pc must be a critical point of F .
Substituting Eq. (B19b) into Eq. (B21b), we obtain
ΦΓ|pc = 0. (B26)
Eq. (B26) is equivalent to Eq. (33a) in Theorem 3.
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We then evaluate the Hessian at pc defined in Eq. (33b). The second derivatives of
F = F (σ, n) at the critical point pc is given as follows:
∂2nF |pc = 2Fn−1∂n
(
v2s − v2
) ∣∣∣
pc
, (B27a)
∂σ∂nF |pc = −2F (∂nv2)∂σ
(
ln
√
|g|
) ∣∣∣
pc
, (B27b)
∂2σF |pc = 2F
{
−∂σΦΓ − n
(
∂nv
2
) [
∂σ
(
ln
√
|g|
)]2} ∣∣∣
pc
. (B27c)
Eq. (B22) is calculated to be
Hess = 2F
{
−(∂2nF )(∂σΦΓ)− 2F
(
∂nv
2
s
) (
∂nv
2
) [
∂σ
(
ln
√
|g|
)]2} ∣∣∣
pc
= 2F
{
−(∂2nF )(∂σΦΓ)− 2Fn−1
(
∂nv
2
s
) (
∂σv
2
)
∂σ
(
ln
√
|g|
)} ∣∣∣
pc
. (B28)
We rewrite all terms of Eq. (B28) with the directional derivative d/dσ along the level curve
|c| by using
∂σΦΓ =
dΦΓ
dσ
− dv
2
s
dσ
∂σ
(
ln
√
|g|
)
, (B29a)
(
∂nv
2
s
) (
∂σv
2
)
= − (∂nv2s ) ddσ (v2s − v2)+ dv
2
s
dσ
∂n
(
v2s − v2
)
. (B29b)
The Hessian (B28) results in
Hess = 2F
{
−(∂2nF )
dΦΓ
dσ
+ 2Fn−1
(
∂nv
2
s
) d
dσ
(
v2s − v2
)
∂σ
(
ln
√
|g|
)} ∣∣∣
pc
= 2F
{
−(∂2nF )
dΦΓ
dσ
− Fn−1v−2 (1− v2)−1 (∂nv2s ) (∂σv2) ddσ (v2s − v2)
} ∣∣∣
pc
. (B30)
Eq. (B29b) is also rewritten as
(
∂nv
2
s
) (
∂σv
2
)
= − (∂nv2) d
dσ
(
v2s − v2
)
+
dv2
dσ
∂n
(
v2s − v2
)
. (B31)
Substituting Eq. (B31) into the Hessian (B30) leads to
Hess = 2F
{
−(∂2nF )
[
dΦΓ
dσ
+
1
2
v−2
(
1− v2)−1 d
dσ
(
v2s − v2
) dv2
dσ
]
+Fn−1v−2
(
1− v2)−1 (∂nv2)
[
d
dσ
(
v2s − v2
)]2}∣∣∣∣∣
pc
. (B32)
Here, the de Laval nozzle-like equation (B9) is expressed in Γ as
1
2
v−2
(
1− v2)−1 (v2s − v2) dv2dσ + ΦΓ = 0, (B33)
whence we obtain {
1
2
v−2
(
1− v2)−1 d
dσ
(
v2s − v2
) dv2
dσ
+
dΦΓ
dσ
} ∣∣∣
pc
= 0. (B34)
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Therefore, the first term in the braces of Eq. (B32) vanishes from Eq. (B34), and we obtain
Hess = −4F 2n−2
[
d
dσ
(
v2s − v2
)]2 ∣∣∣∣∣
pc
≤ 0. (B35)
Appendix C: Inequality at a sonic point
1. Inequality at a sonic point for radiation fluid
In this subsection, we deform the inequality (37b) to the inequality (38) with Eqs. (39a),
(39b) and (39c). The inequality (37b) consists of the following three parts:
Lη¯
[
σ(ξ¯, ξ¯)
] ∣∣∣
p
= C1 + C2 + C3, (C1)
where
C1 =
1
d
Lη¯Θ
∣∣∣
p
, (C2a)
C2 = (∇η¯B)(ξ¯, ξ¯)
∣∣∣
p
, (C2b)
C3 =
{
B(∇η¯ξ¯, ξ¯) +B(ξ¯,∇η¯ξ¯)
}∣∣∣
p
. (C2c)
From Eqs. (27) and (28), the tensor field B has been given as
B =
Θ
d
g⊥ + σ + ω + η¯♭ ⊗ a♭, (C3)
and B obeys
∇η¯B = η¯µ∇µ∇ν η¯ρ dxν ⊗ dxρ
=
{
η¯µ[∇µ,∇ν ]η¯ρ +∇ν (η¯µ∇µη¯ρ)− (∇ν η¯µ) (∇µη¯ρ)
}
dxν ⊗ dxρ
= −R( · , η¯, · , η¯) +∇⊗ a♭ −B ·B. (C4)
Contracting indices of Eq. (C4) with g gives
Lη¯Θ = trg(∇η¯B)
= −Ric(η¯, η¯) +∇ · a−B : B, (C5)
where the third term of Eq. (C5) is given as
B : B =
Θ2
d
+ σ : σ + ω : ω. (C6)
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We obtain
C1 =
{
−
(
Θ
d
)2
+
1
d
(
− Ric(η¯, η¯) +∇ · a− σ : σ − ω : ω
)}∣∣∣
p
. (C7)
Contracting indices of Eq. (C4) with ξ¯ gives
(∇η¯B)(ξ¯, ξ¯) = −R(ξ¯, η¯, ξ¯, η¯) + (∇⊗ a♭)(ξ¯, ξ¯)− (B ·B)(ξ¯, ξ¯), (C8)
where the third term of Eq. (C8) is calculated as
(B ·B)(ξ¯, ξ¯) = −
(
Θ
d
)2
+
2Θ
d
σ(ξ¯, ξ¯) + (σ · σ + ω · ω)(ξ¯, ξ¯). (C9)
Using the first condition (37a), we obtain
C2 =
{(
Θ
d
)2
−R(ξ¯, η¯, ξ¯, η¯) + (∇⊗ a♭)(ξ¯, ξ¯)− (σ · σ + ω · ω)(ξ¯, ξ¯)
} ∣∣∣∣∣
p
. (C10)
C3 is deformed to
C3 =
{
2
√
|ξ · ξ| ∇η¯
(
1√|ξ · ξ|
)
B(ξ¯, ξ¯) +
1√|ξ · ξ|
(
B(∇η¯ξ, ξ¯) +B(ξ¯,∇η¯ξ)
)} ∣∣∣
p
=
{
− 2∇η¯
(
ln
√
|ξ · ξ|
)
B(ξ¯, ξ¯) +B(∇ξ¯η¯, ξ¯) +B(ξ¯,∇ξ¯η¯)
} ∣∣∣
p
=
{
2
[
B(ξ¯, ξ¯)
]2
+ 2
(
B ·B(S)) (ξ¯, ξ¯)} ∣∣∣
p
, (C11)
where we used Eqs. (21) and (33a). Each term is further calculated as
[
B(ξ¯, ξ¯)
]2
=
(
−Θ
d
+ σ(ξ¯, ξ¯)
)2
, (C12a)
(B ·B(S))(ξ¯, ξ¯) = −
(
Θ
d
)2
+
2Θ
d
σ(ξ¯, ξ¯) + (σ · σ − σ · ω) (ξ¯, ξ¯). (C12b)
Therefore,
C3 = 2 (σ · σ − σ · ω) (ξ¯, ξ¯)
∣∣∣
p
. (C13)
Combining Eqs. (C7), (C10) and (C13), we find
C1 + C2 + C3 = A1 + A2 + A3. (C14)
2. Inequality in terms of the proper section
In this subsection, we complete the proof of Proposition 4: we derive the expression (47b)
of A2 starting from the expression (39b). Using Eqs. (25a) and (A14), we deform the first
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term of Eq. (39b) to
(∇⊗ a♭)(ξ¯, ξ¯) = ∇ξ¯
(
a · ξ¯ )− a · ∇ξ¯ξ¯
= −La
(
ln
√
|ξ · ξ|
)
. (C15)
Then let us deform the second term of Eq. (39b). Here, for any vector X ∈ TpS and any
vector field Y of TU⊥, orthogonal to η¯, we can get the following equation in the absence of
the vorticity ω at p:
LX (Y · m¯) |p =
{
∇XY · (m¯− η¯) + Y · ∇X(m¯− η¯) + LX (Y · η¯)
}∣∣∣
p
= −ω(X,Y )|p
= 0, (C16)
where we have used that S is the proper section in the second equality. In other words, Y
remains tangent to S to the first order of the Taylor expansion around p if ω|p = 0, and
therefore let us define the covariant derivative of Y on S at p although Y is not globally
a vector field of TS. Let D be the covariant derivative on (S,h), and simply define the
covariant derivative of a vector field Y of TU⊥ at p by
DXY |p :=
{
∇XY + χ(X,Y )m¯
}∣∣∣
p
. (C17)
We use the following notation for the divergence in this subsection:
D · Y |p =
{
∇ · Y − m¯ · ∇m¯Y
}∣∣∣
p
=
{
∇ · Y − η¯ · ∇η¯Y
}∣∣∣
p
=
{
∇ · Y + Y · a
}∣∣∣
p
. (C18)
Substituting Y = a into Eq. (C18), we can rewrite the second term of the expression (39b)
of A2 to
∇ · a |p = (D · a− a · a) |p. (C19)
From Eqs. (C15) and (C19), A2 results in
A2 =
{
−La
(
ln
√
|ξ · ξ|
)
+
1
d
(D · a− a · a)
} ∣∣∣
p
. (C20)
We further deform A2 using the energy-momentum conservation law. We have performed
the deformation of Eq. (A 2) contracted with ei as (A19) in Appendix A2. Similarly to
Eq. (A19), we consider Eq. (A 2) contracted with a:{
La
(
ln
√
|ξ · ξ|
)
+ 2v a · b+ v2a · a + (1− v2) (nh)−1LaP} ∣∣∣
p
= 0. (C21)
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Now p is the sonic point for the radiation fluid, and the speed of the flow at p is given by
1/
√
d. Therefore, we can rewrite the first term and the third term by Eq. (C21). A2 results
in
A2 =
{
1
d
D · a + 2√
d
a · b+
(
1− 1
d
)
(nh)−1LaP
}∣∣∣
p
. (C22)
Then we consider the divergence ∇·Y = 0 of Eq. (A19), where Y is given by the projection
⊥ of the term contracted with ei in Eq. (A19) onto the direction orthogonal to η¯. At
the point p, we can express Y in terms of the exterior derivative dS on S instead of the
projection ⊥. Noting that Y · a = 0, from Eq. (C18), we obtain
D ·
{
dS
(
ln
√
|ξ · ξ|
)
+ 2v b+ v2a+ (nh)−1
(
1− v2)dSP} ∣∣∣
p
= 0. (C23)
Eq. (C23) includes the term D · a, and Eq. (A19) gives the expression of a in terms of the
thermodynamic variables and the other part of the tensor B. Therefore, we can completely
eliminate a from the expression Eq. (C22) of A2 by applying Eqs. (A19) and (C23) to
Eq. (C22) at this point although the expression of A2 gets very messy.
Finally, we take all the assumptions (45a) and (45b) into account to rewrite A2. The
third term of Eq. (C22) vanishes from Eq. (45b), and evaluating b at p gives b|p = 0 from
Eq. (45a). Therefore, Eq. (C22) reduces to
A2 =
1
d
D · a
∣∣∣
p
. (C24)
Eq. (C23) is deformed to
{
∆S
(
ln
√
|ξ · ξ|
)
+
2√
d
D · b+ 1
d
D · a+
(
1− 1
d
)
(nh)−1∆SP
} ∣∣∣
p
= 0. (C25)
where ∆S is the Laplace-Beltrami operator on (S,h). We calculate the second term of
Eq. (C25) by substituting Y = b into Eq. (C18):
D · b |p = ∇ · b |p
= ∇ ·
∑
i
B(ξ¯, ei)ei
∣∣∣
p
= ∇µ
{
(∇ν η¯µ)ξ¯ν +B(ξ¯, ξ¯)ξ¯µ
}∣∣∣
p
= [∇µ,∇ν ]η¯µ ξ¯ν
= Ric(η¯, ξ¯)|p
= Ric(m¯, ξ¯)|p. (C26)
Applying Eq. (C25) to Eq. (C22), we obtain the expression (47b) of A2 in terms of the
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proper section S.
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